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Double polarization elastic e-p cross sections and asymmetries are considered in collider kinemat- 
ics. Covariant expressions are derived for the general situation involving crossed beams; these are 
checked against the well-known results obtained when the proton is at rest. Results are given using 
modern models for the proton electromagnetic form factors for kinematics of interest in e-p collid- 
ers such as the EIC facility which is in its planning stage. In context, parity-violating elastic e-p 
scattering is compared and contrasted with these double-polarization (parity-conserving) results. 
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I. INTRODUCTION 

The main focus of this paper is the development of the 
formalism for polarized e-p elastic scattering in the col- 
lider frame, stimulated by interest in e-p colliders such 
as the EIC ,li facility which is in its planning stage. At 
least two things motivate such a study. (1) One has the 
possibility of measuring the electromagnetic form factors 
of the proton in unusual kinematics, that is, with high- 
energy colliding beams of polarized electrons and protons 
— to be contrasted to the usual situation with polarized 
electrons scattering from protons at rest with either the 
target proton polarized or when the recoiling final-state 
proton's polarization is measured. Specifically, we shall 
see that the role played by 27 corrections to the dom- 
inantly one-photon-exchange diagram (the only one we 
consider in detail in this work) is likely quite different for 
collider kinematics. (2) One may use the reasonably well- 
known double-polarization asymmetry to determine the 
product of the electron and proton polarizations, PePp, 
when the focus is placed on other reactions {e.g., DIS). 

The basic kinematical formalism is presented in Sect. [IT] 
for both coUinear and crossed beams. This is followed in 



Sect. Ill by developments of the leptonic (electron) and 
hadronic (proton) tensors needed in discussing parity- 
conserving double-polarized e-p elastic scattering. Here 
a general frame is considered and all quantities are kept 
completely covariant so that any situation can be ex- 
plored, including the special case where the proton is at 
rest (the "rest frame") and where the formalism is well 
known. In Sect. |IV] the leptonic and hadronic tensors 
are contracted to yield the invariant matrix element re- 
quired in constructing the polarized cross sections and 
asymmetries, while in Sect. fV] expressions for the latter 
are presented. 
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Our approach in this study has been to develop the 
formalism in detail and thereby to bring out clearly the 
particular roles played by the different proton form fac- 
tors. We shall see that the fact that the proton's Pauli 
form factor is nonzero alters the character of the asym- 
metry from the simpler answer obtained when colliding 
point Dirac particles. We retain both the electron and 
proton masses {i.e., we do not invoke the extreme rel- 
ativistic limit) so that any choice of kinematics can be 
explored. In the case of the electron this is not needed 
except when scattering at very small angles; however, for 
the proton it is critical to retain the mass terms if one 
wishes to be able to go to the rest frame. Since the for- 
malism is only a little more involved when keeping all 
mass terms than to drop them as is often done, we retain 
them throughout this study. 



We shall see that the asymmetries are rather small 
— the reasons for this will be explained later — and 
accordingly in Sect. |VI| we also briefly consider parity- 
violating elastic e-p scattering in collider kinematics. We 
shall see that this single-polarization asymmetry is only 
about one order of magnitude smaller than the double- 
polarization parity-conserving asymmetries. 



In Sect. VII results are presented for two choices of 



kinematics that may be relevant for a future EIC facil- 
ity. The asymmetries (PC and PV) are all given, as is the 
figure-of-merit and thereby the anticipated fractional un- 
certainty expected given specific collider luminosities and 
polarizations. The computer code Brasil2011 has been 
developed to handle any kinematical situation and can 
be obtained [3j by anyone interested in exploring other 
conditions that may be relevant when planning for a fu- 
ture e-p collider. Finally, our conclusions are presented 
in Sect. Ivml 
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II. BASIC COLLIDER-FRAME KINEMATICS 
A. Collinear beams 




FIG. 1. (color online) Electron-proton elastic scattering in 
collider kinematics. 



The coordinate frame used in this work is shown in 
Fig. [TJ we start with coUinear kinematics and then in the 
following subsection generalize to the situation where the 
electron and proton beams are crossed. Here an electron 
with 4-momentum if is incident from the left and a 
proton with enters from the right. The final state 
has an electron with K''^ scattered at an angle 9e and a 
proton with P'^ scattered at an angle 9p, as shown. The 
4-momentum transfer 



(1) 



makes an angle 6q with respect to the beam axis. The 
4-momenta in the problem are thus the following: K^^ = 
(e,k), K't' = (e',k'), P^' = {E,p), P'^ = {E',p') and 
Qf^ = (w,q) with k — ku^ and p = —pu^. Since the 
electron and proton are both on-shell, one can write their 
energies in terms of their 3-momenta: e — y^k'^ + m^, 

e' = + ml, E = ^p^ + m2 and E' = ^p''^ + m^. 

We assume that the variables used to specify the 
kinematics are {k,p,9e) and then through the equations 
above the energies of the incident particles are also given. 
It proves useful to define the total 4-momentum 



Pt,t = K^ + P'' = iEtouPtot) 



(2) 
(3) 



where Eq. ([s]) follows by energy-momentum conservation. 
This implies that 

Etot=e + E = e' + E' (4) 

Ptot = (fc-p)U3 =_PtotU3 = k' + p'. (5) 

The square of the total 4-momentum is the invariant 



p2 



E^ -v^ 

^tot Plot 



2e, 



where 

S, = tE + kp 
is also given by the initial momenta. 



(6) 



(7) 



Using 3-momentum conservation and given ptot and 
Oe, the scattered proton's 3-momentum can be written in 
terms of the scattered electron's 3-momentum: 



p 


\/ 




k' 


sin 9p — 




¥ 




1 


cos 9p — 




P' 



-pj^t - 2ptotk' cos I 



(8) 
(9) 

(10) 

Additionally, from energy conservation one has that 

Etote' -Ptotk'cos9e^ml + £^ (11) 
which constitutes an equation for k' . Solving, one has 



k' 
with 



b + Etot \JC - mliml+pl^f si 



sin^ 9,. 



a = E^ 



tot 

ml + ml + 2C + sin^ 9^ 



plot cos^ = s+plt sin^i 
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b = {m,l+^)ptot cos 9e, 



(12) 



(13) 

(14) 
(15) 



and knowing k' one can use the equations given above 
to determine e',p', E' and 9p. Since the argument of the 
square root in Eq. ( 12 ) must be non-negative one has 



£,>me\/m'f,+ Ptot sin' 9e ■ 
The 4-momentum transfer is also now specified: 



UJ 

q 

sin 9q 
cos 9„ 



e - e' 
k' . 



2kk' cos 9e 



{k — k' cos 9e) ■ 



(16) 

(17) 
(18) 

(19) 
(20) 



From Eqs. (17 1 and (18), together with the energy- 



momentum relationships above one has 

= t = -2(ee' - kk' cos 9e - ml) 

4fefe'sin^^j2-K f"--(i7,^l', 



(21) 
< 0, (22) 



that is, the 4-momentum transfer is spacelike [3]. 

To conclude this brief discussion of the basic collinear 
kinematics, it is instructive to express the kinematic vari- 
ables above in the proton rest frame. For any 4-vector 
in the collider frame the corresponding quantities in the 
proton rest frame may be found by boosting in the U3 
direction by f5p= p/E with 7^ = E/rUp = [1 — 13^]^''-/^. 
In particular, the proton in its rest frame of course has 
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= {nip, 0,0,0) while the incident electron has 3- 
momentum and energy given by 



krest ^lp{k + /3pe) 



For the scattered electron one has 



<^'rest = lp{e' + Ppk' COS Oe) 
krest — \J i^'rest) ~ '^e 



smf 



COS 0, 



k' sin Of. 

"'rest 

rest ^ lp{k' COS O^+Ppt') 

y 

'^rest 



(23) 
(24) 



(25) 
(26) 
(27) 

(28) 



To get some feeling for the extreme nature of the kine- 
matics typically of interest (see Sect. VII), we consider 
two choices for the kinematics, 1. k — 10 GeV/c with 
p = 250 GeV/c and II. A: = 2 GeV/c with p = 50 GeV/c 



(see also Table I in Sect. VII I. For the former high-energy 
case we have j3p 



1, 



TeV/c and sin 6*;: 



250, so kr 



bOOk 



sin0e/5OO. This means that for 



this choice of kinematics and, for instance, for 1° (5°) 
scattering in the collider frame the equivalent rest frame 
(for example, for fixed target measurements) has an in- 
cident electron beam of 5.3 TeV/c scattering at 0.002° 
(0.01°). For the lower-energy case II. we have again for 
1° (5°) scattering in the collider frame that the equivalent 
rest frame has an incident electron beam of 213 GeV/c 
with scattering angle 0.009° (0.047°). 

Any of the other kinematic variables above may be re- 
lated to their rest-frame equivalents in a similar manner. 



B. Crossed beams 




2'=2 




FIG. 2. (color online) Electron-proton elastic scattering in 
crossed-beams collider kinematics. 



In this subsection we provide the extensions that are 
necessary when the electron and proton beams are not 
coUinear, but are crossed. The kinematics for this are 
shown in Fig. [2j The electron is assumed to be incident 
along the U3-axis as before; however, now the proton 
beam is assumed to have its momentum p directed along 



the — U3/-axis where the (1', 2', 3') system is rotated from 
the (1,2,3) through an angle x as shown. Clearly 



Ui = cosxui' — smxus' 
Us = sinxui' -I- C0SXU3' 



(29) 
(30) 



Let us repeat the kinematics developments of the pre- 
vious subsection, now working in the (1', 2', 3') system 
where we have k = A; (sinxui' -I- cosxus') and p — 
— PU3/. Etot in Eq- Q is as before; however, now we 
have 



Ptot = k sin xui' -f {k cos x-p) "3' 



yielding 



Ptot 



k + p — 2kpcos X 



and therefore 



(31) 



(32) 



(33) 



s - Ptot = El, - ^ml + ml + 2^, 

where 

^ ^ eE + kp cos X', 
cf. Eq. 0. The extension of Eq. ^ is 

p' = ^ /c'2 + p2^t - 2fc' (fc cos 6e-p cos {9^ + x) ) (35) 



(34) 



and of Eqs. ( 9|10 l are 



sin {Op + x) = ^ W sin (6*6 + x) - ^ sin x] (36) 
cos [Op + x) = ^ [k' cos (6*6 + x) - (fc cos x - p)] ,(37) 

from which the angle Op may be found by taking the 
inverse sine and cosine. The analog of Eq. (11) is 



Etote' - k'pl^o,, = ml + ^, 



where for convenience we have defined 



Pcross 
Pcross - 

One then has that 



= k cos Oe— P cos {Oe + x) 

= k sin Oe — p sin {0^ + x) • 



with 



0- — Efgf [Pcross] — S + [Pcross] 

= ml + ml + 2^+ [pi.^,,] ^ 
b= iml+^)p'^^^^^. 



(38) 



(39) 
(40) 



(41) 

(42) 
(43) 
(44) 



The rest of the developments go through as before in the 
coUinear case. 
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III. LEPTONIC AND HADRONIC TENSORS 



For the leptonic (here electron) tensor one has 

^A.. = (45) 



where, following standard developments , the unpolar- 
ized tensor (symmetric under /i o i') is given by 



with 



K) 



2R^R, (46) 



(47) 



The polarized tensor (antisymmetric mider fi ^ v) is 
given by 



(48) 



where it can be shown 4^ that the general spin 4-vector 
is given by 

nieS" = hee ( /3e cos/ie, cos/^eu| + — sin^gU^ ) . (49) 

V le J 

Here is a unit vector pointing along k and u^^ is trans- 
verse to this direction. As usual, one has /3e = k/e and 
7e = e/mg = [1 — f3'^]~^^^. Also, the factor he = ±1 is in- 
troduced simply to make it easy to switch the electron's 
polarization from along the beam direction to opposite 
to it. From this equation one sees that transverse po- 
larizations are suppressed by the relativistic 7-factor and 
so henceforth we consider only longitudinally polarized 
incident electrons: 



(50) 



This yields only three distinct cases for the polarized 
electron tensor. Since the tensor is antisymmetric un- 
der n V we can restrict our attention to cases where 
fj, < V, the others being given by using the antisymmetry. 
The nonzero cases are then: 



e l^i' 



where 



K ■ Q — eu ~- kq cos 6q ~ 
eq sin 9q = ek' sin 6^ 
kq sin Oq = kk' sin 9^ 



(51) 



^iv = 12 
^iv = 02 (52) 
= 23 



One can verify that Q^z^iy — 0, as should be the case. 

Again restricting our attention to collinear beams at 
first, the proton's polarization 4-vector is similar to the 



one for the electron in Ec^. ( 49 1 , namely 



TO„5" = hpE [ /3p cos cos /XpU^ H sin/XpU^ ) 

V Ip J 



(53) 




FIG. 3. (color online) The electron polarization is assumed to 
be along the 3-axis while the proton may be polarized longi- 
tudinally (L: along the negative 3-axis) or sideways (S; along 
the negative 1-axis), as shown. 



In the case of the proton we must remember that it is 
moving to the left and thus, with L for longitudinal, S 
for sideways and N for normal, one has 



(54) 

u^f^ = cosrjpvfg + sin?7pU^, (55) 

where = — Ui and = U2; see Fig.[3j We shall spec- 
ify the proton polarization by choosing it to be along the 
L, S and N directions and then any general case (for in- 
stance, when treating crossed beams; see below) can be 
decomposed into components along these three orthogo- 
nal directions. It is worthwhile to reiterate that the con- 
ventions used here have -l-L polarization when it points 
in the — U3 direction, -|-S polarization when it points in 
the — Ui direction and -l-N polarization when it points in 
the -I-U2 direction. One finds that 



[S^] hp {0,-u,) 
[S^] hp {0,~u,). 



(56) 
(57) 
(58) 



Now, for the hadronic (here proton) tensor one has the 
analogs of the leptonic tensors: 



2 



unpoL ' pol 



(59) 



where the symmetric unpolarized tensor is given by 



unpol 



1 



with 



(P'^ -f P^) . 



VFzT^T"^ (60) 



(61) 



The invariant functions VFi^2 (functions only of Q^) are 
given as usual in terms of the proton's electromagnetic 
Sachs form factors by 



Wo = 



{Glf + r{Gl,f 



(62) 
(63) 
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where r = |(5^|/4mp > 0. The antisymmetric polarized 
proton tensor is given by 



one then has 

j^unpol _ 



-Wi (Q2 + 2ml) 



pol 



M 



(64) 



+2mlW2 - 2r?- r] (75) 

To connect with standard notation let us use the follow- 
ing ^ 



— —ih 



pip 



with 



h. 



V_^tiua' P' gp ^ 



(65) 

(66) 
(67) 



4to: 



2ml 



{{€ + e')E + {k + k' cos6le)p} 



tan^ e'j2 



-r(l + T) 



and then 



P Lt^<.'p'Yj.i^ _ j.^^^<.'p'Y\ sl,Tp,Q^,. (68) 



One can verify that Q^Z^^ = as should be the case; 



tan2 0;/2 ^ ' ' 



in fact, Q^Zf = Q^Z^ 



0. For reasons that will where, defining 



become clear in the following section, in these expressions 
it proves useful to use a mixture of the Sachs magnetic 
form factor with the Pauli form factor; the Sachs and 
Dirac/Pauli form factors are related in the familiar way: 



£' = 



l + 2(l + r)tan-'6';/2 1 + 



2m| 



(76) 



(77) 



(78) 



(79) 



(80) 



F^ = 



Gl,^Ff + F^ (69) 
1 



pp - 

^2 — 



1 



[Gm - G^] 



one has for the total (squared) e-p scattering form factor 

■ (81) 
(82) 



F\t, 6^) = W2 + 2Wi tan^ 61^/2 1 + 



1 



IV. CONTRACTIONS OF LEPTONIC AND 
HADRONIC TENSORS 

We start by obtaining the contraction of the two sym- 
metric unpolarized tensors, namely 



{1 + t)£' 



'£'{Glf+r{G\,f 



X 



unpol — 



It is useful at this point to check this general result 
for the special case of the laboratory frame; th ere p = 
and so i? = rn^; also Xiab = t and niat = \/ t(1 + r). 
This implies that ^lab — mpt and thus Qofc ~ ^/rnp and 
then in the lab. system one can show that Vj 



lab 



(70) 
(71) 



(e + e'Y — 9^, the usual answer [i], and one then has 



X 



unpol 
lab 



-voF\t,0,). 



(83) 



1 



1 



2,.2^-^, T' + 2iR-Ty 



One has + 2R^ ^ + 2ml and = - Q'^/A 
and, using the fact that 



R-T = KP + QV4 = e + QV4, 
one therefore has 



1 



Q^T"^ + 2{R-Tf = 2 



(72) 



(73) 



Furthermore, in the electron Extreme Relativistic Limit 
(ERLe) where the electron's mass may be neglected with 
respect to its momentum, 6'^ ^ 6^, £' £ (the usual 
so-called virtual photon longitudinal polarization) and 
the expression above becomes proportional to £ (G^) + 
the familiar answer. 
For the contraction of the two antisymmetric tensors 
we have from the expressions above 



^pol 



Defining dimensionless variables A = u)/2mp and k = 
q/2mp, where then t = — A^, as usual, and defining 



{2m2^^°'} X {wp} (84) 
= -hehp-fp — Gl.jZi^^Z^", (85) 



where Z'^'^ may be decomposed into Zf^ and as in 
Eq. (66). Since the choice of longitudinal electron polar- 



(74) ization led to only the components = 12, 02 and 23 
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(together with their reverses, which, using the antisym- 
metry, leads to an overall factor of 2 if only this order is 
retained), we have only three cases to consider. Further- 
more, note that all cases here have either fj. oi v equal to 
2 and so the proton polarization cannot have component 
2. Since this is the only component for N polarization 
(see Eq. (58)) we find that the proton's polarization (in 



one-photon-exchange approximation) cannot be normal, 
as expected. For the tensors of type 1 the results are the 
following: 

Lj + PpqcosOq = -Q'^/2E ^iv = 12 
'^""^ - ^ -qsinOq ^iu = 02 (86) 

—(ipqsvaOq /it/ = 23 



and 



1 







12 



[ZHs = — <( COS 61, nv = ^2 

7p 



(87) 

[iv = 23 

with no allowed N components. For the tensors of type 
2 one has 

with /i = 0, 1, or 3 and 



yielding 



hp [Zo]^ = -mpqsindq 

hp [Z^]g = - [puj + EqcosOq] 



(89) 
(90) 
(91) 



The polarized contraction in Eq. ( 85 ) is then given by 
= -h,hp'i.EGlfiP''\ (92) 

where 

1 ^1,1/ ^pol 



I _ 



1 



4m^ 



(93) 
(94) 



with z^ij from Eq. ([52]) and Z^'^ from the developments 
given above, with the subscripts 1 and 2 referring to the 
two contributions in Z^'^ . The extra factor of 2 in Eq. 
( 94 ) comes from using the antisymmetry together with 



only one order of the indices ^jlv. Again employing di- 
mensionless variables one has 

^ ■ ■' - • ■'%\ (95) 



EK^ sir? ( 



r<P' 



f-ipol 

^pol 
^2S 



K sin ( 



— 2-2 

-en sm 



|(A + PpK cos 0q)^Je^ - {nie/mpY 
- (/3pA + K cos 6*, jej (96) 

(97) 



Ip 

ek sin 9q (/3p A + k cos 9q) , 



(98) 



where the result in Eq. ( 96 ) is obtained using the facts 
that 



k — E'fJ'P — {m.e/mp)'^ — pe 
e = E?-p^7^-{m,/mpY. 

pol 



(99) 
(100) 



It can be shown that Cf^ , C?° and C?2 are all of 



2L 



^2S 



order unity when 7p — )■ 00, whereas Cfg goes as 1/^p in 
that limit. Furthermore, if one sets Ff — 1 and i^f = 0, 



then, through Eqs. (69), one has = = 1, and thus 



no terms of type 2 contribute (no terms involving or 



G|^'). This special case makes the proton current take 
on the same form as that of a point Dirac particle like 
the electron. Accordingly one sees that the only surviving 
contribution in the extreme relativistic limit for collisions 
of point Dirac particles is the one involving G^^', as ex- 
pected. This also underlines the fact that the sideways 
contribution in the general case for ultra-relativistic pro- 
tons arises because of the anomalous magnetic moment, 
i.e., the parts of the current involving F2. 

Finally, using the relationship for the Pauli form factor 
in terms of Sachs form factors (Eqs. (69)) and defining 



Qpol _ 1 
^ ~ 1+T 



then one can write 



(1 + r)Gf°' + Gf 



-Gf 



(101) 
(102) 



/^pol /-ipol^p . ^polf~ip 



From above we therefore have that 



(103) 



^pol _ _ 1 T 

^ A,f T 



ML - --YT^ [^(1 + ^) + ^9] (104) 



7p 



y^pol 



— Ksin^^g|(l + t)(A + f3pKCOs9q) 

X ^'P - {me/mpY 

-T{Pp\ + K cos 9 q)!^ (105) 



C 



1 1 



EL 



G^g^— e{l3p\ + K. COS 9 q)Ksh\ 9 q. (107) 



Ip 1 



-EK^ siv? ( 



(106) 



Next we will want to check these results by going to 



the lab. frame where p 
t = e/mp, ^ 



0, E 



Toe 



/3p 



{nie/mpY = k/mp,X 



= 0, 7p = 1, 
T and K = 



7 



Lab: p=0 




FIG. 4. (color online) Proton polarizations (L', S' , N') in the 
lab. system where p = 0. 



•\/r(l + r). One has 



^ML 


lab 




1 + — sin^ bA 
K mp J 


'-'MS 


lab 


1 

T 

nip 


^T{l+T)k 

—re cos 9q 


'-'EL 


lab 


e 

— r — 
m 


- sin^ 6q 

p 


l^pol 


lab 


e 

— r — 
m 


- sin 9q cos . 

p 



(108) 

sin^q (109) 
(110) 

(111) 



In the lab. system the polarizations of the proton are usu- 
ally specified with respect to the {L' , S' , N') coordinate 
system as shown in Fig. |4j Rotating to this system one 
has 



pol 
XL' 

f-ipol 



lab 



lab 



f~ipol 
'-'XL 



f~<pol 
'-'XL 



lab 



lab 



— C0S( 



'-'XS 



^pol 
'-'XS 



lab 



(112) 



lah 



(113) 



with X — M or E. After some algebra one finds that 

lab 



^pol 
'-'ML' 



T cos ( 



+ v/r(l + T) 



k 



■ sm 



C 



pol 
MS' 



i^pol 
'-'EL' 



r^pol 
'-'ES' 



lab 



lab 



lab 



-T sin 9n 



(114) 

(115) 
(116) 
(117) 



Lp 



where the zeros in Eqs. ( 115 ) and ( 116 1 are expected from 



the familiar lab. frame analysis. 



V. THE CROSS SECTION AND 
POLARIZATION ASYMMETRY 

Finally in these developments of the formalism, we now 
want to obtain the cross section and polarization asym- 
metry in the collider frame, together with their lab. frame 



and extreme relativistic limits. We begin with the unpo- 
larized cross section in the general collider frame. First, 
the flux factor to be used in applying the Feynman rules 
must now be generalized (see 6 , Eqs.( 7.41) and (B.l): 
where in the lab. frame one has the multiplicative factor 
1 / Pele one now has the replacement 



1 



1 



Pele lelp [Pe + Pp)'' 



(118) 



where both factors of /? are to be taken positive. Clearly 
the lab. frame result emerges when /3p — >■ and 7p — 1. 
The recoil factor can be shown to generalize to 



ek' — e'{k — p) cos ( 
Ek' 



(119) 



and using Vq given in Eq. ( 76 ) one has 

unpol , collider 



da 



^collider 
^M 



{Freer' F^{T,e,) (120) 



with the square of the form factor from Eq. (81 1 and the 
generalized Mott cross section given by 



ollider 



a 



k' Pe 1 

k ""P.+Pp-Il' 



(121) 



These results can be checked by going to the lab. frame 
and shown to agree with the familiar answers. 

Various limiting cases may be straightforwardly ob- 
tained. First, in the ERLp one has 



^ERL, 



~ERL^ 



I -\- Pp COS 0e 
k 

lpl + Pp 



collider, ERL^ 



bp 

a 



k' 



1^0 



ERL^ 



1 



- Ppll 



(122) 
(123) 

(124) 



where VJ,™^" may be obtain ed us ing Eq. ( 76 ) and there- 

r eollider.ERL„ . / -i m , 

fore CT^^ " usmg Eq. (121 1. 

With both beams polarized the cross section has two 
terms, one (E) containing no dependence on the polar- 
izations and one (A) containing only terms where both 
beams are polarized the latter being proportional to 
the product hghp: 



da 



- pol, collider 



dn 



hehpA. 



(125) 



By flipping the spins one can form the polarization asym- 
metry: 



A 



u ' ' -\- u u ' • ' -\- u ' 

(126) 

Using the developments above we immediately have that 

h h Y'P'^^ 

r A -\ pol. collider iiQiipj\ (^0'7\ 

y^iep' - vunnol ' y^"^') 
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where is given in Eq. ( 79 1 and XP°^ is defined in 

Eq. (85). Substituting for these and expressing C^"' in 
terms of and using Eq. ( 103 1 we find that 



[A] 



pol, collider 
ep 



A/" 



where the numerator is given by 
2 

T 



U ^ ^7p tan^ e'j2 [gI, [clfGl, + C^G^^ 



(128) 

(129) 
(130) 



and where C^^^ are given in Eqs. ( 104|l07 l for the two 
types of proton polarization, L and ti. Again, for refer- 
ence, the denominator in Eq. (128) is given in Eq. (81) 
and tan^ 9'^/2 is given in Eq. ([78|. 



As a first check, let us go to the lab. frame and consider 
the L' an d S' polarizations discussed above. We have 
from Eq. (114) that the L' part of the numerator in Eq. 



( 129 ) in the lab. frame where 6'^, — >■ 6e is given by 

lab 



tan-^ 6'e/2 



-2tan2 9e/2 



{Gl,f 
k 



+ V^(1 + t) — sin^ e, 



Vt'WI:, 



using a notation where 



Wi: ^-2r{Gl,f. 



(Gli f (131) 
(132) 



(133) 



yielding 



Vtl' = --V2- 



i^ek' sin^e. 



(139) 



which agrees with the standard notation {e.g., see [4]). 

Finally, for the crossed beams situation one must ex- 
tend the discussion of the leptonic and hadronic tensors 
in Sect. IIIIl In this case it is more convenient to work in 
the (1, 2, 3) system. The leptonic tensor will be as before; 
however, the hadronic tensor will now be assumed to have 
L and S polarizations with respect to the rotated frame. 
That is, we will assume that L- or S-polarizations occur 
when the proton's polarization lies along the directions 

Ul, crossed = -Uz' = siu XUi - COS XU3 (140) 

us,crossod = -vl^' = - COS - sin^ua. (141) 

Accordingly the asymmetries in the crossed beams situa- 
tion are simply linear combinations of the coUinear ones 
that we derived in Sect. Ivl 



[A 



pol. collider 
ep 



= — sin X 



\pol. collider 
I ep 



S',colliiicar 



[A] 



pol, collider 
ep 



5',crosscd 



, r A -\pol, collider Ar\\ 

+ cosx[AY ■ (142) 

L,collincar 



cos X [A] 



pol. collider 



ep 



S.collincar 



-sinx 



ipol, collider 
I ep 



(143) 

L.coUincar 



It is straightforward to verify that all of the collinear 
results obtained above are recovered when the crossing 
angle x is set to zero. 



This implies that 

Vt' = - tan^ 9e/2 

T 

TCOSi 



+ ^/t{1 + t)- 



■ sm 



1 9 

- tan 

13 



J2 
e + e' 

q 



1 - 



2mlq'^ 
e(e + e')(-Q2) 



(134) 



(135) 



which agrees with the standard notation {e.g., see [U). 
The S" part of the numerator in Eq. ( 128 ) in the lab. 
frame is found similarly: 



; tan^ 0^/2 



Cpot 
ES' 



lab 



G^Glj ^ 2tan2 0J2 



sin e^G^G^^ (136) 
(137) 



again using the notation where 



W^^' = 2^2t{1 + t)GIGI, 



(138) 



VI. PARITY- VIOLATING ELASTIC ELECTRON 
SCATTERING 

While our main focus in the present work is placed on 
the double-polarization reaction ~j^{l^,e)p where parity- 
conserving (PC) asymmetries occur, it is interesting 
also to consider in context parity-violating (PV) single- 
polarization p{'lt,e)p scattering. The general structure 
of PV elastic electron scattering from the proton is illus- 
trated in Fig. [5j Two diagrams are relevant: the usual 
photon exchange diagram which is parity conserving and 
a Z° exchange diagram which has both polar vector (V) 
and axial vector (A) contributions. To obtain the total 
cross section one must take the sum of these two dia- 
grams and compute the square of the absolute value of 
that sum, leading to terms from the square of the pho- 
ton exchange diagram (VV) which are parity conserving, 
terms from the interferences between the two diagrams 
which include VA pieces that are parity violating (PV) 
and pieces from the square of the Z'^ exchange diagram 
which are very small and so neglected. Upon considering 
longitudinally polarized electron scattering elastic from 
unpolarized protons, the electron spin asymmetry can 
only occur from parity violations and thus the VA in- 
terferences are the leading-order PV contributions. The 
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K' 



which has the same form as the unpolarized proton ten- 
sor, but with different structure functions Wi^2 to be dis- 
cussed below; these are differentiated by the tildes in Eq. 
( 149 1 . Likewise the antisymmetric proton tensor that is 



the analog of that in Eq. ( 145 1 is 



K 




FIG. 5. (color online) Parity-violating electron-proton elastic 
scattering. 



details of the developments of the PV formalism are given 
in several references [H [3] and here we only summarize 
the differences that occur when working in the collider 
frame. We begin with a brief discussion of the leptonic 
and hadronic tensors involved. 

In these developments for simplicity we consider only 
the extreme relativistic limit for the electrons. In Sect. 
|III| the leptonic tensor for the unpolarized situation was 



given (see Eq. ( |46| ) 



2RnRy 



(144) 



which is symmetric under interchange of and v. Now, 
since the weak interaction has both vector and axial vec- 
tor contributions, a second tensor must be considered: 



(145) 



which is antisymmetric under interchange of /i and v, and 
the full lepton tensor for the helicity-difference matrix 
elements may be written 



PV Jicl. diff. 



(146) 



where the Standard Model electroweak couplings are 



ay 



(1 

-1 



4 sin 



-0.092 



(147) 
(148) 



using for the weak mixing angle the value sin 9w — 
0.227. 

The hadronic (proton) tensor is similar: the symmetric 
tensor is the analog of the unpolarized tensor given in Eq. 



+ 



;W2Tf'T'' (149) 



(a) 



(150) 



with an additional structure function W3. 

The structure functions (functions only of t) occurring 
above in Eq. ( 149 1 are the analogs of the familiar Wjo 



in PC elastic e-p scattering given above (see Sect. Ill) 
except that the PV analogs involve interferences between 
the 7 and diagrams and so contain products of EM 
form factors and their weak neutral current counterparts 
(indicated with tildes; see |S]): 



Wo = 



1 



rip rP 



rP nP 



(151) 
(152) 



These are all of polar vector type and go with the leptonic 
axial vector term {i.e., proportional to a^) to make the 
VA interference. The antisymmetric case has a leptonic 
part that is a polar vector, but an interference of one 
polar and one axial vector contribution for the proton to 
make the VA interference (see |8j): 



(153) 



Finally, the weak neutral current form factors in the 
Standard Model are the following 



rP 



r<p 



r<p — 



a- 


4sin^ 


9w)G^E 






(154) 


a- 


4sin^ 








(155) 
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(156) 



where now the neutron's electromagnetic form factors 
j^j enter, there are potential strangeness form factors 

Ge\i a ^'^'^ axial vector, isovector form factor G^^ 



(that, for instance, enters in n 
Eq. (fl56l). 



p /3-decay) occurs in 



When contracting these leptonic and hadronic tensors, 
of course only the symmetric or antisymmetric contri- 
butions contract with one another and no cross terms 
(symmetric times antisymmetric) can occur. The results 
are the following: for the contraction of the symmetric 
tensors we have 



xi'}Wi;:^=-Q'W, + 2ml['^ 



2t? 



W2 



t\ W2 (157) 
2VFi tan^ 61^/2) , (158) 



where e is defined via Eq. ( 74 ) and the last equality comes 



from using Eq. ( 76 ) ; these developments completely par- 



allel the unpolarized contraction discussed in Sect. IV 
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Note that the result here again involves the definition of 
an effective angle, i.e., Eq. (78). For the contraction of 



Kinematics I Kinematics II 



the antisymmetric tensors the result is 

t(?-t) ^_ 



72 



2tI 



2W. 



(159) 
(160) 



These results are for a general frame and thus may be 
used directly in the collider frame. 

Using the explicit results for the ERLg the PV asym- 
metry may be written 



Apv = A% 



PV 



PV 



V 



PV 



where 



- 

■^pv — 



G|Q2| _ ^2Gt 
2'Ka\/2 TTOi 



6.33423 X 10" 



(161) 



(162) 



with G the Fermi weak coupling constant. The denom- 
inator in Eq. ( 161 1 comes from the helicity sum cross 



section, namely, the PC elastic electron scattering cross 
section discussed above. Omitting factors that are com- 
mon to the numerator it may be written 



Vpv = E'{Glf + T{Gl,) 



(163) 



namely, proportional to the familiar result involving the 
EM form factors (see Sect. IV I. The numerator arises 



from the PV helicity difference cross section using the 
contractions developed above: 

Npv = aA{£'GlGl + rGljGl,] 

+av { Vl - f 'Vt(1 + t)G^,GP } . (164) 

Finally, the expressions above may be checked (see [8]) 
by going to the lab. frame, where for the ERLe £' — >■ £. 



VII. TYPICAL RESULTS FOR E-P 
SCATTERING IN COLLIDER KINEMATICS 

In presenting results in this section we have made two 
choices for specific kinematics, a high-energy choice that 
may be typical of a future EIC facility and a somewhat 
lower-energy one where it may be possible to make mea- 
surements of the proton EM form factors at a level of 
precision that is interesting (see below) . The two choices 
are listed in Table I along with rest-frame variables cor- 
responding to typical collider-frame scattering angles, 
9^ = 1° and 5° — see the discussions below. 

For use in assessing the feasibility of performing asym- 
metry measurements one frequently employs the so-called 
Figure-of- Merit (FOM): 



da 
dVLp 



unpol ^collider 



ep 



{[A] 



pol,coL 
ep 



(165) 



k (GeV/c) 
p (GeV/c) 
krest (GeV/c) 
97"' (deg) at 
tan(6'r''V2) at i 
1 - f at 6le = r 
er"* (deg) at 
tan(6'r'V2) at I 
1 - f at = 5° 



= 1° 

. = r 

= 5° 



10 
250 
5329 
0.00188 
1.638x10" 
5.410x10" 
0.00939 
5° 8.193x10" 
1.633x10" 



2 

50 

213.2 

0.00938 

8.187x10"^ 

1.341x10"* 

0.0469 

4.096x10""* 

3.385x10"^ 



TABLE I. Selected kinematics and rest-frame variables. 



Also, to incorporate the fact that the solid angle goes 
as sin^e, it is also appropriate to consider the product 
J^sin^g. Given luminosity L, electron polarization pe, 
proton polarization pp, run time T and an averaged FOM 
times solid angle 



/ J"sin6i;'dsin6';^', 
Jen 



(166) 



where Oq is whatever one wishes to choose for the lower 
limit of integration over scattering angle (written in the 
integrand above as 6*" to avoid confusion with 6'^ which 
has been used above and has a different meaning) and 
where the full 2tt integration in azimuthal angle has been 
assumed, the fractional uncertainty in the L or S asym- 
metry is given by 



/ = [peVp^/ 



(167) 



For the results to follow we have assumed the conditions 
listed in Table II. For simplicity the lower limit chosen 
for the averaging of the FOM has been fixed to = 0° 
for the results shown in the figures; the time assumed 
is relatively short. In any practical situation these two 
parameters will need to be adjusted to find the optimal 
choices. The present study is not intended to be more 
than a preliminary exploration of typical results and so 
no attempt has been made to optimize the choices here. 
On the other hand, a general program, Brasil2011, has 
been developed to study e-p scattering in collider kine- 
matics. The code, together with a description and sam- 
ple input/output are available All of the parameters 
above can be chosen by the user. In addition, the pro- 
gram provides the option of choosing between two mod- 
els for computing the nucleon form factors, namely, a 
simple model which gives a reasonable starting point for 
e-p studies and the vector meson dominance plus pQCD 
GKex model which yields good agreement with most of 
the World form factor data (see [TU] and references cited 
therein for details). Alternatively, it is straightforward 
for any user to provide other form factor representations. 
In the following we show selected results using this code 
with the GKex form factors. 

In Fig. l6] the scattered electron's 3-momentum k' (left 
axis) andTQ^ | (right axis) are shown as functions of the 
electron scattering angle for kinematics I; the range of 
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Pe = 90% 

Pp = 70% 
r = 1000 hr 
00 = 0° 

TABLE II. Assumed experimental conditions. 





10.08 




10.07 




10.06 




10.05 




10.04 








10.03 








10.02 




10.01 




10.00 




CM 



6e [degrees 



FIG. 6. (color online) Kinematics I: scattered electron 3- 
momentum k' and 4-momentum transfer squared |(5^| versus 
collider-frame electron scattering angle 9e- 



angles chosen here is dictated by where the FOM is sig- 
nificant, as seen later in Fig. [s] Clearly k' does not vary 
significantly over the chosen range of angles, less than 75 
MeV/c out of about 10 GeV/c. For the same range of 
angles the scattered proton 3-momentum goes from 250 
GeV/c at Oe = 0° down by only about 75 MeV/c at 10° 
while scattering through an angular range of Op = 0° at 
= 0° to Op = 0.4° at Oe = 10°. It is clear from our 
initial exploratory studies that energy resolution alone is 
rather unlikely to be enough to separate elastic events 
from inelastic ones (the code Brasil2011 contains some 
kinematic developments where the final hadronic state 
can be taken to have invariant mass W ^ m,p) and some 
final-state particle identification will likely be needed to 
isolate elastic scattering in practical situations. 

In Fig.[7]the asymmetries are shown for the same range 
of electron scattering angles used above. The e-p L po- 
larization is larger in magnitude than for the S case, al- 
though the two are comparable. The latter changes sign 
at roughly Og = 1.3°. In the region where the FOM peaks 
(roughly 0e ^ 2°; see Fig. [8| the L asymmetry is a few 
times 10~^. One might be surprised that this is so low. 
The reason is clear upon examining the rest-frame vari- 
ables in Table I: tan(6'f "72) goes from 1.6 x 10"^ at 
9e = 1° to 8.2 X 10^'°^ at — 5°. Since the asymmetries 
are proportional either to the generalized "Rosenbluth" 
factor Vt' for L polarization or to Vtl' for S polariza- 
tion (see Sect. |V| and these both have an overall factor 
tan(0g'^"*/2) in the rest frame U, the kinematical factors 
are small. In other words, the scattering in the equivalent 
rest frame occurs at such small angles that the double- 
polarization asymmetries are suppressed. For compari- 
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FIG. 7. (color online) Kinematics L double-polarization 
asymmetries J^]p°'>'^°"*'^='" for and 5* proton polarizations 
versus electron scattering angle 9^. Also shown is the parity- 
violating e-p elastic asymmetry Apv for the same kinematics. 



son the parity- violating asymmetry Apv is also shown 
in Fig. [7| In this case, even though the weak interac- 
tion is involved, some of the contributions occurring in 
the ratio forming the asymmetry (see Sect. VI) are not 
suppressed by similar factors. In the same notation used 
above the Rosenbluth factors Vl and Vt occur for the 
VV hadronic contributions (those involving m^b m 
in Eq. ( 164[ )) and these do not contain overall factors of 



tan( 6>p^"V 2). On the other hand, the VA interference in 



Eq. (164) (involving G^G^) has a factor \/l — and 



so is strongly suppressed (see Table 1). 




3 4 5 6 
9e [degrees] 
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FIG. 8. (color online) Kinematics I: J^sin^e versus electron 
scattering angle O^. 

Another observation from Table I is that the smallness 
of 1 - going from 5.4 x 10-^" at 6'e = 1° to 1.6 x 10"^ 
at 6e — 5°, implies something very different about any 
potential 27 corrections to the dominantly I7 diagram. 
Namely, from treatments of the former (e.5., see jllj) 
one expects the 27 contributions to vanish when E — > 
1, which is surely the case for the rest-frame-equivalcnt 
conditions studied here. 

Figur e [9| sh ows the fractional uncertainty obtained us- 
ing Eq. ( 167) and implies that in a time T = 1000 hr one 
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FIG. 9. (color online) Kinematics I: fractional uncertainty 
/ (see Eq. (167 1 for polarizations L and S versus electron 



scattering angle 



could achieve roughly a 15-20% determination of the L 
polarization asymmetry. Since the fractional uncertainty 
goes as 1/\/T, clearly with longer run times even higher 
precision can be obtained. 



For kinematics II the results are shown in Figs. [10l[TT] 
12 and[r3| Now the angular range is larger {6^ up to 20°), 
again as dictated by the significance of the FOM (see 
Fig. [12] below). The scattered proton's 3- momentum k' 
in this case varies from 50 GeV/c at de = 0° to 15 MeV/c 
less than this at 10°, while the proton's scattering angle 
9p goes from 0° up to 0.4° over the same range. The 



asymmetries are shown in Fig. 11 these are significantly 
larger than was the case for kinematics I and now lie 
typically two or more orders of magnitude above the PV 



asymmetry. Figure 12 shows the FOM and indicates that 
for the L polarization case a peak occurs for 9^ between 8° 
and 9°. This yields the fractional uncertainty displayed 
in Fig. 13 clearly showing that a 1-2% determination 



of the asymmetries may be possible, given the assumed 
luminosity, polarizations and run time. 
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FIG. 10. (color online) As for Fig. [6j but now for kinematics 
II. 



FIG. 11. (color online) As for Fig. [Tj but now for kinematics 
II. 
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FIG. 12. (color online) As for Fig. [sj but now for kinematics 
II. 



VIII. CONCLUSIONS 

In this study elastic e-p cross sections and asymme- 
tries have been considered in collider kinematics. The 
formalism has been developed directly using the electron 
and proton tensors and working in a general frame — 
since the resulting expressions are covariant it is easy 
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FIG. 13. (color online) As for Fig. [9] but now for kinematics 
II. 
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to evaluate the results in any chosen frame, including 
the system where the proton is at rest and where the 
asymmetries and cross sections are well known, thereby 
providing a sensitive check on the formalism. In con- 
text, parity- violating elastic e-p scattering has also been 
explored in collider kinematics to be able to compare 
and contrast the resulting asymmetry with the double- 
polarization (parity-conserving) results. 

Several observations and conclusions can be made from 
these studies: 

• The double-polarization asymmetries are relatively 
small, since the effective rest-frame electron scat- 
tering angle is very small for typical collider kine- 
matics and since both the L and S asymmetries in 
the rest frame have an overall factor of tan(6'g'^^*/2)- 
In contrast, the PV asymmetry has contributions 
that do not contain this factor and therefore survive 
when the electron scattering angle becomes very 
small. Indeed, for some kinematical situations the 
PV asymmetry is only about one order of magni- 
tude smaller than the PC asymmetries. 

• The L and S asymmetries, while small, are still 
sufficiently large that it may prove possible to 
make relatively high-precision measurements of 
them with a future EIC facility as it is presently 
envisioned. If, with such a facility, it proves possi- 
ble to use beams that have a large dynamical range, 
including lower energies and beams that are more 
symmetrical in energy (the EIC designs being con- 
sidered are typically asymmetric with the proton 
beam being much higher in energy than the electron 
beam), then very likely quite high-quality determi- 
nations of the double-polarization asymmetries can 
be made. 

• Given that the double-polarization asymmetries 
can be measured with sufficient precision two paths 
may be followed: (1) the proton EM form factors 
themselves may be studied; and given that we know 
these form factors reasonably well from fixed-target 
experiments, (2) the asymmetries may be used to 
determine the product of the electron and proton 
polarizations when the focus is on other e-p reac- 
tions, including studies of DIS. 

• With respect to point (1) above, the collider kine- 
matics are very unusual in that the effective rest- 
frame kinematics typically occur at very large en- 
ergies and very small angles. This means that the 
virtual photon longitudinal polarization £ is ex- 
tremely close to unity where it is predicted that 
27 corrections to the dominantly I7 diagram go to 
zero. 

• Specifics of how the proton EM form factors enter 
the asymmetries are interesting: if the anomalous 
magnetic or Pauli form factor F2 were zero, as is 



the case for a point Dirac particle, then the L/S 
structure of the asymmetries would be quite differ- 
ent. The fact that ^ leads to clear signatures 
in the double-polarization asymmetries. 

• Finally, while this work is a theoretical study and 
has been focused on the formalism plus presenta- 
tions of a few typical results, some initial explo- 
ration has been made of the issues that will proba- 
bly confront any practical experiment. In particu- 
lar, it is very unlikely for high-energy collider kine- 
matics that energy resolution alone will be capable 
of isolating elastic e-p scattering from inelastic scat- 
tering. Instead one will have to detect both the 
scattered electron and specify the final hadronic 
state including the elastic events where only the 
scattered proton occurs. This is not the point of 
the present study, although a computer code has 
been written and is available [2] for others involved 
in design studies for a future EIC facility. 



APPENDIX 

The conventions of Bjorken and Drell |6] are used 

throughout together with the follow notation: 4-vectors 
are written with capital letters 

= (A°, A\A^, A^) = {A°, a) (168) 
A^ = (AO, -A3) = (AO, -a), (169) 

where 3-vectors are written with bold lowercase letters 
and their magnitudes with normal lowercase letters, a = 
|a|. The scalar product of two 4-vectors A and B is given 

by 

A-B = At'Bf, = AO^o - a • b, (170) 

where the summation convention is employed, namely 
repeated Greek indices are summed (/i — 0, 1, 2, 3). Thus 
one has for the scalar product of a 4-vector with itself 

A^^{A°f~a\ (171) 
Throughout we use h = c = 1. 
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